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Abstract 
Oil price is always influenced by market events and thus shakes continually. Especially, recent financial crisis shocks 
oil price heavily. However, current studies rarely discuss the property of oil price during financial crisis. Since oil 
price has excess volatility and it can not be described by standard unit root process, this paper adopts stochastic unit 
root (STUR) to examine the properties of oil spot and futures prices, and employs stochastic cointegration to 
investigate the long term equilibrium relationship between them during financial crisis. Based on Brent crude oil spot 
and futures daily prices from July 2007 to June 2009, our empirical analysis shows both oil spot and futures prices are 
STUR series and have time-varying autoregressive coefficients, which is consistent with excess volatility of oil prices. 
Moreover, stochastic cointegration relationship does exist between oil spot and futures prices, revealing the long term 
equilibrium relationship under the influence of financial crisis. In addition, the study has important implications for 
forecasting and risk management. 
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1. Introduction 
The recent financial crisis originated from US subprime crisis has strike energy market and even global 
economy severely [1-2]. Along with  the evolution of financial crisis, oil price experiences spike and 
collapse, and has extreme volat ility. Thus, the property of o il price during financial crisis is different from 
the one in general case, which indicates financial crisis may alter oil price behavior. For the purpose of 
analyzing the impact  of financial crisis on oil price, th is paper focuses on the properties and cointegration 
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of oil spot and futures prices during financial crisis. Moreover, this study can contribute to energy policy 
making, oil price forecasting and risk management. 
The property of oil price has been discussed broadly in theoretical and empirical literature. Under the 
assumption of random walk or mean  reversion, o il price follows unit root process , which is d iscovered by 
many studies [3-6]. With regard  to oil price dynamic during financial crisis, current studies mainly  
attribute oil price fluctuation to speculative expectation [7-8]. However, to  our best knowledge, no 
research analyzes the property of oil price during financial crisis  on the point of statistics . This paper 
wants to fill the gap. 
During financial crisis a significant property of o il price is its extreme volat ility. The extreme volatility 
is likely to exceed volatility range of unit root process. That is to say excess volatility exists . As a result, 
standard unit root test is no longer appropriate and thus new concept and method should be developed. For 
this purpose, Granger and Swanson (1997)[9] present the concept of stochastic unit root (STUR), and call 
standard unit root as exact unit root. STUR process has a random autoregressive coefficient with mean 1, 
and thus has a unit root only  on average. Moreover, McCabe and Tremayne (1995)[10] and Leybourne et 
al. (1996)[11] develop STUR tests. Considering excess volatility  of oil price, we adopt STUR to examine 
the properties of oil spot and futures prices during financial crisis . 
Furthermore, the long term equilibrium relationship between oil spot and futures prices , which bases 
on common fundamentals and the principle of asset pricing, is also an important issue in academic study. 
Using standard cointegration test, current studies discover the cointegration relationship exists between oil 
spot and futures prices [12-16]. Specially, standard cointegration test only examines the relationship 
between exact unit root series. If oil price is not exact unit root series, the cointegration framework should 
be amended. For the long term equilibrium relat ionship between STUR series, Harris et al. (2002)[17] and 
McCabe et al. (2006)[18] develop the concept and test of stochastic cointegration. The illustration above 
suggests during financial crisis oil spot and futures prices are likely to be STUR series. Hence, this paper 
employs stochastic cointegration test to discuss the relationship between oil spot and futures prices during 
financial crisis. 
Employing STUR and stochastic cointegration tests and selecting the daily data of Brent crude o il spot 
and futures prices between July 2007 and June 2009, we mainly analyze the properties and cointegration 
of oil prices. Comparing with current studies, we firstly introduce STUR and stochastic cointegration 
methods to the research on energy, and mainly focus on oil price behavior during financial crisis. The 
results show both oil spot and futures prices have excess volatility and they are STUR series.  And 
stochastic cointegration test verifies the long term equilibrium relationship between oil spot and futures 
prices during financial crisis. Furthermore, the results indicate oil price forecasting and risk management 
can not ignore the impact of financial crisis. 
2. Stochastic unit root and stochastic cointegration 
2.1. Stochastic unit root 
Stochastic unit root process (STUR) has the time-vary ing autoregressive coefficient, and its 
nonstationary can not be removed by differencing. STUR series satisfies the following model. 
1t t t ty yU H                                                                                                                                      (1) 
where tU is the time-vary ing autoregressive coefficient with mean 1 and variance 2UV . tH is independently 
and identically d istributed (iid) with zero mean and variance 2HV , expressed as 2(0, )iid HV . If 2 0UV  , tU is  
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identically equal to 1 and ty  is an exact unit root series. If 2 0UV ! , ty  is a STUR series. 
Supposing STUR series has intercept, trend, quadratic trend and autoregressive term, and the time-
varying autoregressive coefficient is 1t tU O  , 1t t tO DO K  , STUR model is shown as follows. 
1 1 11 1( )p pt i t i t t t i t i ti iy t y y yP J I O W I H      '    '    ¦ ¦                                                                (2) 
where 1 ( 1) ( 1) / 2t t t tW S P J       contains intercept, trend and quadratic trend. p is the optimal lag  
order selected by SC criterion. , 1,2,...,i i pI   is t ime-inherent autoregressive coefficient. | | 1D  , and tK  
is an 2 2(0,(1 ) )iid UD V . Following the suggestion of Granger and Swanson (1997), STUR model is state 
space model and can be estimated by Kalman filter. 
STUR test is introduced by Leybourne et al. (1996), which uses exact unit root as null hypothesis and 
STUR as the alternative, expressed as 20 : 0H UV   and 21 : 0H UV ! . Assuming normality and computing 
the score, the statistic of STUR test is given by: 
1 23/2 2 1 2 2
3 2
ˆ ˆ ˆ ˆˆ ˆ[( ) ( )]T tT i tt p i pH T H HV N H H V       ¦ ¦                                                                                   (3) 
where T is sample size. tˆH  is the residual of 1pt i t i tiy t yP J I H '    ' ¦  under OLS estimat ion. 2ˆHV  is 
the estimator of the variance of tH . 2Nˆ  is the estimator of the variance of 2tH . The asymptotic properties 
and the fin ite-sample crit ical values of the statistic can be found in  Leybourne et al. (1996). If STUR test 
rejects null hypothesis, the series is STUR series. 
2.2. Stochastic cointegration 
Stochastic cointegration mainly  analyzes the long term equilibrium relationship between STUR series. 
Stochastic cointegration test adopts the following model. 
1 2t t t t t t t ty t y u u e qW v hT G E                                                                                         (4) 
where 1ty , 2ty  are STUR series. te  is an 2(0, )eiid V . tv  is an 2(0, )viid V . ,t tW h  are exact unit root series. 
Error term tu  is composed of stationary term te , unit root term tqW , and heteroskedastic term t tv h . So 
there are two co integration relat ionships: stochastic cointegration and heteroskedastic cointegration. If 
0q  , stochastic cointegration exists. If 2 0vV  , stochastic cointegration is stationary cointegration. If 
2 0vV ! , stochastic cointegration is heteroskedastic cointegration. 
Firstly asymptotic instrumental variab les  estimator (AIV) is used to obtain the parameters in stochastic 
cointegration regression Eq.(4), which is suggested by Harris et al. (2002). AIV will use k-order lagged 
independent variables as instrumental variables , where  k  is related with sample size T. And the residual 
ˆtu  can be computed. 
Stochastic cointegration test makes stochastic cointegration as null hypothesis  and noncointegration as 
the alternative, expressed as 1 10 1: 0, : 0H q H q z . McCabe et al. (2006) analyze autocorrelat ion of error 
term to test 10H  against 11H . The statistic is 1Tnc t t kt kS u u   ¦ . Under null hypothesis, ncS  standardized 
with  a HAC variance estimator asymptotically follows standard normal distribution. According to  AIV 
estimator, the statistic estimator is computed by: 
1/2 2
1
ˆ ˆ ˆ ˆ ˆ/ ( )Tnc t t k t t kt kS T u u u uZ    ¦                                                                                                   (5) 
where 2 ( )Z  is the HAC estimator of variance computed by quadratic spectral kernel. k  is equal to 1/2T . 
Under null hypothesis ˆncS  asymptotically follows standard normal distribution. 
When stochastic cointegration exists, heteroskedastic cointegration test uses stationary cointegration as 
null hypothesis and heteroskedastic as the alternative, expressed as 2 22 20 1: 0, : 0v vH HV V ! . McCabe et  
al. (2006) analyze the variance of error term to test 20H  against 21H . The statistic is 21Thc ttS tu  ¦ . Under 
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null hypothesis the standardized statistic also asymptotically follows standard normal distribution. The 
statistic estimator is shown as follows. 
1/2 3/2 2 2 2 2 2
1
ˆ ˆ ˆ ˆ ˆ(1/12) ( ) / ( )Thc t u t utS T t u uV Z V    ¦                                                                              (6) 
where 2 1 21ˆ ˆTu ttT uV    ¦ . The others are the same as Eq.(5).  
In the following analysis, we firstly test whether oil spot and futures prices are STUR series. If o il 
prices are STUR series, we build STUR model to discuss the properties. Then stochastic cointegration test 
is used to analyze the long term equilibrium relationship between oil spot and futures prices. 
3. Data 
The data used in this study consist of the daily prices of Brent crude oil spot and futures covering the 
period between Jan 1, 2002 and Dec 31, 2009. Brent crude oil futures contracts are traded in ICE Futures 
Europe. We use the futures prices which maturity date is the nearest month form the continuous futures 
prices. Data are obtained from DataStream database. 
Fig.1 shows the tendencies of oil spot and futures prices and standard deviations (rolling computed by 
oil returns using 20-days window). Oil prices rise continuously since early 2002. At the beginning of 
2007 o il prices start to increase sharply. In  July  2007 financial crisis firstly exhib its its impact and brings 
to the shake of financial market and the depreciation of US dollar. Due to international capital flows and 
US dollar depreciation, oil prices rise sharply and reach the peak in Ju ly 2008. After that, global 
economic recession appears and US dollar starts to appreciate. Oil prices decline continuously. Until early 
2009 the governments adopt bailout measures, and oil prices start to rebound slowly. The standard 
deviations show oil prices have extreme volat ility between July 2007 and June 2009. The vio lent shocks 
of oil prices stem from the impact of financial crisis. So we select the sample period spanning July 2, 
2007 to June 30, 2009 including 522 pair observations .  
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Fig. 1. The price and standard deviation tendencies: (a) oil spot; (b) oil futures. The standard deviation is rolling computed by oil 
returns using 20-days window. 
4. Empirical results and analysis  
In this part we firstly discuss the properties of oil spot and futures prices via STUR test. Secondly 
STUR model is running. Finally we examine the cointegration relationship between oil spot and futures 
prices by stochastic cointegration test. 
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4.1. STUR test results 
During  financial crisis oil price has excess volatility , which  may  induce the invalidation of standard 
unit root test. KPSS test results in Table 1 show the case. KPSS results suggest the first difference series 
of oil prices reject null hypothesis of stationary, indicating o il prices are likely to be STUR series. STUR 
test results reject null hypothesis of exact unit root and support STUR. This suggests excess volatility of 
oil prices during financial crisis should be described by STUR process.  
Table 1. KPSS test and STUR test results 
series KPSS test  STUR test  
level 1st difference lag order statistic 
spot price 0.4761*** 0.2422*** 1 1.2847*** 
futures price 0.4917*** 0.2515*** 1 0.8234*** 
Note: (1) The prices are logarithm prices. 
(2)Null hypothesis of KPSS test is the series is stationary. The statistic is LM statistic. Test equation includes constant and 
linear trend. The estimation method is Bartlett kernel and Newey-West bandwidth. The asymptotic critical values are 0.216 for 1%, 
0.146 for 5%, and 0.119 for 10%. 
(3) Null hypothesis of STUR test is the series has an exact unit root and the alternative is the series has a stochastic unit root. 
The asymptotic critical values are offered by Leybourne et al. (1996), and are 0.261 for 1%, 0.149 for 5%, and 0.104 for 10%. 
(4) *, **, and *** indicate significance at the 10%, 5%, and 1% levels, respectively. 
Furthermore, we select another two periods for robustness checks: war period and stable period. War 
period covers October 1, 2002 to December 31, 2004 including 589 pair observations. During the period 
Iraq war happens and shocks oil market. Stable period spans January 3, 2005 to June 29, 2007 containing 
650 pair observations. During the period no serious  market event affects oil market. Hence, oil price has 
low volat ility during stable period and high volatility during war period. We expect oil spot and futures 
prices are STUR series in war period and not STUR series in stable period. STUR test results in Table 2 
confirm our expectation. Therefore, we conclude that financial crisis alters o il price property. Oil price 
has excess volatility, and follows STUR proces s. 
Table 2. Robustness check results 
series war period stable period 
lag order STUR statistic lag order STUR statistic 
spot price 1 0.1995** 1 -1.2060  
futures price 1 0.4473*** 1 -1.5246  
Note: (1) War period is from October 1, 2002 to December 31, 2004. Stable period is from January 3, 2005 to June 29, 2007.  
(2)Null hypothesis of STUR test is the series has an exact unit root and the alternative is the series has a stochastic unit root. 
The asymptotic critical values are offered by Leybourne et al. (1996), and are 0.261 for 1%, 0.149 for 5%, and 0.104 for 10%. 
(3) *, **, and *** indicate significance at the 10%, 5%, and 1% levels, respectively. 
4.2. STUR model results 
The results above indicate STUR model is suitable for oil spot and futures prices, and the optimal lag 
order is equal to 1 during financial crisis. Thus STUR model is shown as follows. 
1 1 1 1 1 2 1( )t t t t t t t t t ty t y y yP J I O W I H O DO K    '                                                            (7) 
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where ty' is oil return. 1 ( 1) ( 1) / 2t t t tW S P J       contains intercept, trend, quadratic trend of oil price.  
tH  is an 2(0, )iid HV . | | 1D  , tK  is an 2 2(0,(1 ) )iid UD V . The time-varying autoregressive coefficient tU is 
computed by 1 tO . In STUR model we focus on the parameter D and time-varying coefficients tU . 
Assuming normality, we employ Kalman filter to estimate STUR model. The estimat ion results of 
parameter D  are shown in Table 3.  
The results suggest the autoregressive effect of tO  is insignificant. The reason is that STUR model is 
only a particular version of STUR. The time-varying autoregressive coefficient of oil price may not have 
autoregressive effect. However, oil prices still follow STUR processes , and have time-varying 
autoregressive coefficient. 
Table 3. STUR model results 
parameter model Coefficient Standard Error P-value 
D  spot model 0.0033 0.5081 0.9948 
 futures model 0.1626 0.1224 0.1841 
Note: The results only for parameter D . The model is estimated by Kalman filter using MLE and BHHH. 
4.3. Stochastic cointegration test  results 
During financial crisis  both oil spot and futures prices follow STUR processes. Hence, we use 
stochastic cointegration check the long term equilibrium relat ionship between oil spot and futures prices. 
On the basis of stochastic cointegration regression results, stochastic cointegration test results are shown 
as follows. 
Table 4. Stochastic cointegration test results 
Statistic Null Hypothesis estimator p-value 
ncS  stochastic cointegration 1.6125 0.1068 
hcS  stationary cointegration 0.1046 0.9167 
Note: In stochastic cointegration regression 1 2t t ty t y uT G E    , 1ty  is oil spot price and 2ty  is oil futures price. The parameters 
are obtained by AIV estimator. 
The results verify stochastic cointegration exists between oil spot and futures prices . During financial 
crisis the long term equilibrium relat ionship still holds . Therefore, we can design hedge strategy to 
manage oil market risk. 
In summary, during financial crisis oil p rice has extreme volatility and can be described by STUR 
process. We also find oil price has time-varying autoregressive coefficient and stochastic cointegration 
exists between oil spot and futures prices , which has important implications for forecasting and risk 
management in oil market.  
5. Conclusions 
The recent financial crisis shocks international oil market through affecting demand, capital flow and 
the value of US dollar. Therefore, oil price shakes violently and reveals the new property. However, 
current studies rarely focus on the property of oil price under the influence of financial crisis. During 
financial crisis o il price has extreme volat ility, which  may induce the invalidation of standard unit root 
test. So this paper adopts STUR and stochastic cointegration to examine the properties and cointegration 
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between oil spot and futures prices  during financial crisis. The results show oil prices experience rise, 
decline and reversion periods. And both oil spot and futures prices are STUR series. Stochastic 
cointegration test indicates the long term equilibrium relationship still exists between oil spot and futures 
prices during financial crisis. The study highlights the impact of financial crisis on energy market and  
indicates STUR and stochastic cointegration are effective tools for analyzing the series that has extreme 
volatility. 
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